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Abstract 


\ 

A  gradient  search  technique  is  used  to  maximize  consumption  of  the  degrees 
of  freedom  for  N-channel  adaptive  nulling  phased  array  antennas.  The 
technique  is  based  on  a  figure  of  merit  which  seeks  to  maximize  the  sum  of  the 
square  roots  of  the  Interference  covariance  matrix  eigenvalues.  Equivalently , 
the  worst  case  Interference  source  configuration  attempts  to  completely 
consume  N  degrees  of  freedom  of  the  adaptive  nulling  antenna.  Kesults  are 
given  for  several  basic  regularly  spaced  arrays.  The  technique  can  be  applied 
to  a  phased  array  with  arbitrary  array  element  positions. 
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I.  INTRODUCTION 


The  mala  goal  of  an  adaptive  nulling  antennna  used  .in  any  communications 
system  is  to  reduce  the  received  power  from  undesired  interference  sources 
while  maintaining  sufficient  pattern  gain  (or  signal -to -noise  ratio)  to 
desired  sources  in  the  antenna  field  of  view.  Generally,  if  a  single 
interference  signal  is  sensed  by  an  adaptive  system,  the  amplitude  and  phase 
responses  of  the  antenna  elements  are  adjusted  so  that  a  pattern  null  is 
formed  in  the  interference  direction*  Assuming  that  the  desired  sources  are 
located  in  directions  sufficiently  far  away  from  the  null  directions, 
communications  will  not  be  disrupted* 

A  typical  adaptive  nulling  antenna  system  block  diagram  is  shown  in 
Fig.  1.1.  In  general,  an  N-element  array  or  N-beam  multiple  beam  antenna 
(MbA)  has  N-degrees  of  freedom.  That  is,  there  are  N  adjustable  weights, 
W1  ’w2* ' *  * ,WN*  which  can  be  set  to  synthesize  a  desired  radiation  pattern  at  K 
far-field  points.  This  means  that,  in  general,  N-l  pattern  minima  (or  nulls) 
can  be  synthesized  while  simultaneously  maintaining  some  antenna  gain  in  the 
direction  of  a  desired  source.  Clearly,  if  there  are  N-l  interference  sources 
distributed  in  the  antenna  field  of  view,  then  N-l  distinct  nulls  can  be  used 
to  suppress  them* 

A  situation  where  the  interference  potentially  can  be  more  severe  is  the 
case  of  N  interference  sources  as  shown  in  Fig*  1*2.  Depending  on  the  antenna 
configuration,  the  above  discussion  suggests  that  N  interference  sources 
possibly  could  consume  all  N-degrees  of  freedom*  Since  only  N-l  nulls  are 
available,  the  Nth  source  may  tend  not  to  be  nulled.  In  fact,  if  N-sources 
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Figure  1.1  iJlock  diagram  for  an  N-channel  adaptive  nulling  system 


completely  consume  N-degrees  of  freedom  of  an  N-cnannel  antenna,  no  useful 
adaptive  nulling  is  possible* 

An  important  question  is:  does  a  geometric  configuration  of  N  sources 

exist  that  completely  consumes  N-degrees  of  freedom?  The  case  of  two  and 
three  sources  in  the  field  of  view  of  a  phased  array  and  a  multiple  beam 
antenna  has  been  studied  and  the  results  described  in  a  previous  report^. 
The  consumption  of  degrees  of  freedom  was  found  to  be  dependent  on  both  source 
spacing  and  source  configurations*  The  spacing  should  be  approximately  one 
half-power  beamwidth  in  order  that  each  source  consumes  one  degree  of 
freedom.  However,  the  worst  case  interference  configuration  depends  on  the 
nulling  antenna  geometry* 

To  this  author’s  Knowledge,  a  general  method  for  the  analytical 
determination  of  the  worst  case  N-interference  source  geometrical 
configuration  has  not  previously  been  developed.  it  is  the  intention  of  this 
report  to  do  so* 

In  order  to  fully  understand  the  concept  of  adaptive  antenna  degrees  of 
freedom,  it  is  helpful  to  analyze  the  covariance  matrix  formed  by  the  cross- 
correlation  of  interference  signals  received  at  each  pair  of  antenna 
elements*  In  Section  II,  this  Interference  covariance  matrix  is  expressed  in 
terms  ot  its  eigenvalues  and  eigenvectors*  The  conditions  necessary  for 
complete  consumption  of  the  antenna  degrees  of  freedom  are  determined* 

In  Section  III,  a  derivation  of  the  Interference  signal  matrix  which 
consumes  N-degrees  of  freedom  of  an  arbitrary  adaptive  nulling  array  antenna 
is  given.  The  Interference  signal  matrix  is  shown  to  be  unitary;  that  is, 
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the  incident  signal  vectors  are  orthonormal.  This  leads  to  the  concept  of 
orthogonal  interference  sources  which  is  discussed  in  Section  IV.  An  equation 
is  derived  which  gives  the  N-interf erence  source  configuration  which 
completely  consumes  N-degrees  of  freedom  of  an  N-element  equally-spaced  linear 
array.  This  is  demonstrated  for  an  8-element  array  with  eight  interference 
sources. 

One  of  the  interesting  results  of  this  study  is  that  for  some  N-element 
array  antenna  configurations,  N-degrees  of  freedom  cannot  be  completely 
consumed  by  N  sources.  Section  V  discusses  this  case,  and  a  source  figure  of 
merit  is  derived  which  can  be  used  to  determine  the  worst  case  N-source 
configuration.  The  figure  of  merit  is  equal  to  the  sum  of  the  square  roots  of 
the  eigenvalues  computed  from  the  interference  covariance  matrix.  The  most 
effective  N-source  configuration  occurs  when  the  figure  of  merit  is  a 
maximum.  That  is,  consumption  of  antenna  degrees  of  freedom  is  maximized. 

In  Section  VI,  a  numerical  gradient  search  technique  (based  on  the  above 
figure  of  merit)  is  developed  which  finds  the  worst-case  geometrical 
configuration  of  N  interference  sources.  This  numerical  technique  is  useful 
for  finding  the  worst-case  interference  source  locations  for  arrays  in  which 
an  analytic  solution  is  difficult  or  impossible.  Examples  are  given  where  the 
worst-case  source  configuration  of  various  arrays  is  found  by  using  the 
gradient  search. 
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II.  C’OWStftfFTlUN  OF  ADA PTIVK  ANTENNA  DEGREES  OF  FREEDOM 


In  this  section,  conditions  are  given  for  N-interf erence  sources  to 
completely  consume  N-degrees  of  freedom  of  an  N-channel  adaptive  nulling 
antenna.  For  discussion  purpose,  the  adaptive  nulling  algorithm  is  assumed  to 

be  the  Apple baum-Howells  analog  servo-controi-loop  processor  •  however, 

the  results  are  expected  to  apply  equally  well  to  any  adaptive  nulling 

algorithm. 

A.  Appleoauin- Howells  Analog  be rvo -Control -Loop  Processor 
For  this  algorithm  the  steady-state  adapted  antenna  weight  column  vector 
is  given  by 

w  *  II  +  yRj-1w  (2.1) 

where  I  is  the  identity  matrix 

R  is  the  channel  covariance  matrix 

p  is  the  effective  loop  gain  which  provides  the  threshold  for 
sensing  signals 

*0  is  a  weight  vector  which  gives  a  desired  quiescent 

radiation  pattern  in  the  absence  of  interference  sources. 

Note :  The  double  underbar  (m)  refers  to  square  matrix  and  the  single  underbar 
(_)  refers  to  a  column  matrix. 

For  an  N-channel  adaptive  nulling  processor  [l  +  pK]  is  an  N  x  ti 
matrix.  The  covariance  matrix  elements  are  defined  by 
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that  the  eigenvalues  have  units  of  voltage  squared,  that  is,  the  eigenvalues 
are  proportional  to  power* 

Substituting  Eq.  (2.3)  into  Eq.  (2*1)  and  using  the  orthogonality  property 
o£  the  eigenvectors  leads  to  the  following  expression  for  the  adapted  antenna 
weight  vector^. 


w  *  w 
-  -o 


M 

I 

fcc-1 


w  >  e, 
-o  -k 


(2.4) 


where  <e^t ,  w£)>  -  e^t  •  Wp  is  a  complex  scalar. 

Each  of  the  vectors  in  Eq.  (2.4)  are  weights  which  can  be  applied  t  the 
adaptive  antenna.  From  Eq.  (2.4) *  and  using  the  principle  of  superposition, 
the  adapted  far-field  pattern  can  be  written  as 


F(0,<|>;w)  - 


N  yX. 

Ji  'rr^  <Sk''  !»> 


(2.5) 


where  P(6,  4> ;  _w)  is  the  adapted  radiation  pattern 

Po(0,  <f>;  Wq)  is  the  quiescent  radiation  pattern 
Pfc(0,  4>;  e^)  is  the  kth  eigenvector  radiation  pattern. 

Equation  (2.5)  shows  how  the  quiescent  radiation  pattern  is  modified  in 
the  presence  of  interference  sources.  The  scalar  <e^t ,  w0>  is  the  projection 
of  the  eigenvector  onto  the  quiescent  antenna  weight  vector.  if,  for 

example,  a  single  Interference  source  (which  gives  rise  to  a  single 
eigenvalue,  Xp  and  eigenvector,  e±)  lies  on  a  null  of  the  quiescent  pattern, 
then  <ejt,wo>-0.  No  adaption  is  necessary  which  means  that  however,  if 
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a  source  lies  on  a  sidelobe  of  the  quiescent  pattern,  the  product  of  e^t  with 
wft  will  be  non-zero.  This  projection  is  weighted  by  the  quantity 

+  yXi)  and  subtracted  from  Wp.  For  a  large  value  of  X  {  corresponding 
to  a  strong  interference  source ,  the  product  yXj  is  much  greater  than  unity* 
This  implies  that  ul]/(l  +  pXi)*i*  (Similarly,  a  weak  Interference  source 
which  has  \i\\  much  less  than  unity  results  in  yXi/(l  +  pXph  5  0.)  If  another 
source  sufficiently  separated  (by  approximately  one  half -power  beamwidth)  from 
the  first  is  added,  a  second  large  eigenvalue,  X2»  will  occur^J.  Two  terms 
(k-1,2)  would  then  be  significant  in  Hq*  (2*5). 

From  the  above  examples,  it  is  clear  that  strong  sources  cause  a  larger 
chauge  in  the  quiescent  weight  vector  than  do  weak  sources*  However,  this  is 
Oi  true  when  the  number  of  degrees  of  freedom  is  sufficient  to  null  the 
interference*  In  the  next  section,  it  is  shown  that  if  N-degrees  of  freedom 
are  completely  consumed,  the  quiescent  weight  vector  does  not  change  after 
adaption*  In  this  case,  Interference  signals  will  not  be  adaptively  nulled* 

C.  Definition  of  Complete  Consumption  of  N-Degrees  of  Freedom 

N-degrees  of  freedom  of  an  N-channel  adaptive  nulling  antenna  are  consumed 
when  the  following  conditions  are  met: 

1*  There  are  N  uncorrelated  equal -power  interference  sources  in  the 
antenna  field  of  view* 

2*  The  interference  power  is  large  enough  to  be  sensed  by  the  nulling 

system* 

3*  The  antenna  falls  to  form  any  adaptive  nulls  in  the  Interference 

source  directions* 
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To  explain  this  set  of  conditions,  vie  first  note  that  it  nay  be  Inferred 
from  a  previous  study  that  to  consume  N-degrees  of  freedom,  the  Interference 
covariance  matrix  must  have  N  large  eigenvalues^.  This  vrill  tend  to  occur 
when  the  sources  are  spaced  on  the  order  of  the  antenna  half -power  beaawidth. 

Given  N  equal-power  uncorrelated  sources  arranged  such  that  the 
interference  covariance  matrix  has  N  large  equal  eigenvalues,  then  in 
Bq.  (2.4) 

vK 

— - —  -  C  -  Constant  •  (2.6) 

1  +  wXlc 

Thus,  Eq.  (2.4)  can  be  written  as 

N 

w  -  [I  -  C  Z  e  e,  t ]w  .  (2.7) 

k  -  1 

It  can  be  shown  that  ^ 1 ^ 

N 

1  T  *  i  (2.8) 

k  -  1 


so 


w  *  (1  -  C)w 


(2.9) 


That  is,  when  N  sources  are  arranged  so  as  to  create  an  interference 
covariance  matrix  with  A  large,  equal  eigenvalues,  then  N-degrees  of  freedom 
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are  completely  consumed,  and  tne  adapted  weight  vector  is  equal  to  a  constant 
times  the  quiescent  weight  vector.  This  means  that  the  antenna  radiation 
pattern  (as  given  by  Eq.  (2*5))  cannot  change  from  its  quiescent  shape*  In 
other  words,  Interference  sources  on  the  antenna  pattern  sidelobes  cannot  be 
nulled. 

u.  Discussion 

In  section  (II.C),  the  basic  conditions  necessary  for  complete  consumption 
of  antenna  degrees  of  freedom  were  given.  A  fundamental  mathematical 
condition  for  this  occurrence  requires  that  the  interference  covariance  matrix 
possess  N  large  (compared  to  quiescent  receiver  noise)  equal  eigenvalues. 

It  is  shown  in  the  next  section  that  when  the  covariance  matrix  has  N 


large  equal 

eigenvalues , 

it 

is  a  diagonal  matrix. 

Furthermore, 

the 

interference 

signal 

matrix 

is 

shown  to  be  unitary.  For 

convenience , 

the 

derivation  is 

given 

for  an 

adaptive  phased  array  antenna. 

However,  the 

same 

results  should  apply  to  a  multiple -beam  antenna. 


11 i.  DERIVATION  OF  INTERFERENCE  SIGNAL  MATRIX  TO  CONSUME  N  DEGREES  OF  FREEDOM 

OF  AN  N-CHANNEL  ADAPTIVE  NULLING  ARRAY  ANTENNA 

A.  Introduction 

In  this  section,  a  mathematical  proof  is  given  which  shows  that  the 

% 

optimum  configuration  of  N  equal  power  uncorrelated  interference  sources  which 
consumes  tue  N  degrees  of  freedom  of  an  N-channel  adaptive  nulling  array 
antenna,  requires  a  unitary  signal  matrix*  The  NxN  covariance  matrix  which  is 
formed  from  the  received  interference  signals  in  this  case  is  a  diagonal 

matrix* 

The  concept  of  "orthogonal  sources"  has  been  discussed  by  Mayhan, 

et.  al^.  By  definition,  each  of  these  sources  consume  a  complete  degree  ot 
freedom*  A  necessary  condition  is  that  the  sources  be  separated  angularly  by 
approximately  one  half -power  beamwidth^^.  The  received  signal  matrix  for 
orthogonal  sources  has  orthogonal  columns*  This  leads  to  covariance  matrix 
eigenvalues  which  are  proportional  to  the  incident  interference  power*  This 
will  be  shown  in  the  following  paragraphs* 

B*  Derivation 

With  little  loss  of  generality,  it  can  be  assumed  that  the  nulling  antenna 
is  an  array  of  isotropic  point  sources*  The  elements  are  assumed  to  be 

located  in  the  xy  plane  of  the  rectangular  coordinate  system  such  that  the 
element  has  arbitrary  coordinates  (x^y^)*  Further,  it  is  assumed  that  the 
1^  interference  source  with  incident  power  is  located  at  a  large  distance 
from  the  array,  at  angles  (d^,^)  where  6  and  $  are  standard  spherical 
coordinates.  Then  the  element  of  the  received  signal  matrix  (denoted 

by  S)  is  given  by 
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(3.1) 


Skl  ”  ^1  * 


jwU/X  8ln0iUlccos+i+  yk8la*t)  k.1>2>...,N 


2  2 

where  D  is  the  array  diameter  and  xfc  +  <_  1  are  the  normalized  element 

positions  (relative  to  D/2). 

The  covariance  matrix  for  narrowband  interference  is 


R  *  S  St  +  I 


(3.2) 


where  t  means  complex-con jugate  transposed »  and 

1  is  the  identity  matrix  which  is  used  here  to  effectively  normalize  the 
covariance  matrix  to  quiescent  receiver  noise,  that  is,  is  measured 
relative  to  receiver  noise. 

Tne  above  covariance  matrix  is  dermitian  (that  is,  R«rS  »  so  it  can  be 
decomposed  in  eigenspace  as  (see  Eq.  2.3) 


l  X  e  e 
.  n  — n  — c 
n-1 


(3.3) 


where  Xn  is  the  nth  eigenvalue  of  R 

en  is  the  nth  eigenvector  of  R  • 

To  better  understand  Eq.  (3.3),  consider  the  following  cases: 

Assume  first  that  interference  sources  are  not  present,  that  is,  P^-0, 
(1  *1,  2,  ...,  N)  so  that  S-i Oj  is  the  null  matrix  and  R  ■  I.  For  this  case 


X,  ■  X ■  ...  m  XM  *  X  ■  1 
12  N  q 
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where  Aq  is  the  eigenvalue  due  to  receiver  noise  only. 

Tnis  is  true  because  the  sum  of  the  diagonal  elements  of  R  equals  the  sum  of 
the  eigenvalues  of  R,  that  is^*^ 

N  N  N 

ER-ZA-Zl-N  .  (3.4) 

.  ,11  ,  n  . 

i-1  n-1  n*l 

Assume  now  that  N  large  equal-power  interference  sources  are  present,  thus 


P 


1 


where  P  is  the  power  from  each  interference  source  received  at  each  array 
element.  These  sources  produce  eigenvalues  which  are  large  compared  to 
quiescent  receiver  noise,  that  is,  \m  »  Aq.  To  completely  consume  M  degrees 
of  freedom  requires  the  covariance  matrix  to  have  N  identical  eigenvalues*, 
such  that  for  an  array 


A 


1 


-  A  -  (pN  +  1) 
N 


(3.5) 


That  19,  the  eigenvalues  are  proportional  to  the  incident  Interference 
power.  A  proof  of  Gq.  (3.5)  is  given  in  Appendix  A.  Substituting  this  result 
in  Gq.  (3.3)*  yields 

*Gxample8  will  be  given  later  that  demonstrate,  for  N  equal  eigenvalues,  the 
antenna  cannot  provide  any  adaptive  pattern  nulling. 

*We  assume  for  the  moment  that  we  can  find  an  "optimum"  source  distribution 
that  will  result  in  Eq.  3.5  being  satisfied.  Later  we  show  that  this  ideal 
distribution  can  in  general  only  be  approximated. 


14 


which  says  that  when  N  degrees  of  freedom  are  consumed,  the  covariance  matrix 
Is  diagonalized  with  N  equal  eigenvalues  on  the  diagonal. 

Substituting  Eq*  (3.8)  in  Eq*  (3.2)  yields,  for  the  assumed  optimum  source 
distribution 

S  St  -  (A-l)I  .  (3.9) 

Let 

S  S 

S  -  — (3.  lU) 

“Q  /X-l  /PN 

denote  the  normalized  optimum  signal  matrix.  Substituting  this  in  Eq.  (3.9) 
yields 


*  W  Vjt*4  - 


S  S  t  -  I  .  (3.11) 

-n  -a  ■ 

By  definition ,  a  matrix  U  is  unitary  if 

U  Ut  -  I  (3.12) 

Equation  (3.11)  satisfies  £q.  (3.12)  and  thus  S  is  unitary.  This  result 

•n 

shows  that  the  covariance  matrix  formed  from  a  unitary  signal  matrix  is  equal 
to  the  identity  matrix. 

C.  Discussion 

A  mathematical  derivation  is  given  in  this  section  which,  as  a  result  of 
Eq.  (3.11)  proves  that  when  the  N  degrees  of  freedom  of  an  N  channel  adaptive 
nulling  array  antenna  are  completely  consumed  by  N  equal -power  interference 
sources,  a  unitary  signal  matrix  is  produced.  (Although  it  is  not  shown,  it 
is  expected  that  the  same  result  should  be  valid  for  a  multiple  beam 
antenna.)  The  optimum  signal  matrix  S  (which  is  equal  to  the  unitary  signal 
matrix  Sq  multiplied  by  the  square  root  of  the  product  of  the  incident 
Interference  power  and  the  number  of  elements  (Eq.  (3.10))  was  shown  to 
produce  a  diagonalized  covariance  matrix  with  N  equal  eigenvalues  on  the 
diagonal  (Eq.  3.8).  The  eigenvalues  were  shown  in  Appendix  A  to  be 
proportional  to  the  incident  interference  power. 

While  the  above  result  shows  that  a  unitary  signal  matrix  is  optimum  (to 
consume  degrees  of  freedom),  it  does  not  (in  general)  provide  the  Interference 
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source  locations  directly,  and  auch  a  configuration  may  not  exist  for  an 
arbitrary  antenna  layout.  Sections  V  and  VI  discuss  an  iterative  best 
approximation  to  a  unitary  signal  matrix,  which  determines  N  interference 
source  locations.  For  certain  special  cases,  the  optimum  signal  matrix  can  be 
achieved,  however.  In  the  next  section,  an  exact  solution  for  the  optimum 
location  of  N  Interference  sources  in  the  field  of  view  of  an  equally  spaced  N 
element  linear  array  is  obtained. 
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IV.  CONFIGURATION  OF  N  INTERFERENCE  SOURCES  TO  CONSUME  N  DEGREES -OF -FREEDOM  OF 
AN  N-ELEMENT  ADAPTIVE  NULLING  LINEAR  ARRAY  ANTENNA 

A.  Introduction 

In  Section  III  it  was  shown  that  the  optimum  configuration  of  N 
interference  sources ,  to  consume  N  degrees-of -freedom  of  an  N-channel  adaptive 
nulling  array  antenna,  produces  a  unitary  signal  matrix.  For  arrays  with 
elements  located  on  a  periodic  lattice,  the  worst-case  interference  source 
configuration  that  consumes  N  degrees-of-f reeuom  can  sometimes  be  computed 
analytically.  (In  general,  this  is  not  possible  for  random,  thinned,  or 
irregular  arrays.)  In  this  section,  the  optimum  interference  source 
coordinates  0^,  i«l,2,...,N,  for  a  linear  array,  are  derived  by  enforcing  the 
orthogonality  property  of  the  optimum  covariance  matrix  (Eq.  3.8).  Following 
the  derivation,  an  example,  consisting  of  a  configuration  of  eight 
interference  sources,  to  consume  eight  degrees-of-f reedom  of  an  eight-element 
linear  array,  is  given. 

d.  Derivation  of  Orthogonal  Interference  Source  Positions 
Consider  a  linear  array  of  N  equally-spaced  isotropic  elements  as  shown  in 
Figure  4.1.  It  is  desired  to  compute  the  angular  positions  0^,  i“l,2,...,N  of 
N  interference  sources  such  that  N  degrees-of -freedom  are  completely 
consumed.  From  Section  III,  this  occurs  when  the  Interference  signal  matrix 
is  unitary  and,  equivalently,  when  the  normalized  covariance  matrix  is  equal 
to  the  identity  matrix. 

The  received  signal  at  array  element  R,  due  to  the  ittl  interference  source 
is  given  as 


18 


0  jZirkd/X  sin  0 

\i  *  e  1 


k  -  0,1,2,. ..,N-1 

i  * 


(4.1) 


where  X  is  the  wavelength  (which  should  not  be  confused  with  the  eigenvalue 

X). 

The  normalized  covariance  matrix  for  narrowband  interference  is  defined 
here  to  be 


K'  -  S  ST 


(4.2) 


where  S  is  the  signal  matrix,  t  means  complex-conjugate  transposed. 

(Note:  to  simplify  the  derivation,  the  identity  matrix  is  dropped  (see 

Eq.  3.2)). 

Let  ^  *  2ird/X  sin  0^;  then  from  Eq.  (4.1),  the  interference  signal  matrix  is 


\  — - 


•J+l 

eJ2n 


eJ*2 

ej2*2 


3  1  e 


and 


s1  - 


e’J*l 

e-J*2 


e~2*M 


.‘J2*l 

e-J2*2 
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eJ*» 

«J2*« 


.  . 


(4.3) 


s-j(N-l)*1 

>j(N-l)*., 


e-J(N-l)^ 

(4.4) 


Using  Eqs •  (4.2),  (4.3),  and  (4.4),  the  antl1  term  of  the  covariance  matrix  is 
expressed  as 


K"  -  E  eJ 
“  i-1 


m  ■  0,1,2,..., N— 1 

n  -  0,1,2,... ,N-1 


(4.5) 


(Note;  K  is  a  Hermitian  matrix  since  (*  denotes  complex  conjugate). 
Enforcing  ortnogonality  of  the  covariance  matrix  (to  consume  N  degrees-of- 
freedom), 


R" 

am 


[N,  m  -  n 
0,  m  t  n 


m  ■  0,1,2,..., N” 1 ,  n  ■  0,1, 2, 3,..., N— 1 


Define  an  integer  A  ■  m-n,  then  from  Eqns.  (4.5)  and  (4.6) 


(4.6) 


Z  -  0,  -(N-l)  <  %  <  N  -  1  .  (4.7) 

1-1  1*0 


It  is  desired  to  find  the  N  values  of  ^  such  that  Eq.  (4.7)  is  satisfied  for 
all  values  of  &• 

Equation  (4.7)  represents  N  phasors  whose  sum  is  zero.  This  suggests  a 
uniform  distribution  of  phasors  between  0  and  2? rA,  that  is,  assume  a  solution 
of  the  form 


♦i  -1 


2ir 

N 


(4.8) 


where  1  is  an  integer  (1  *  1,2,3,...,n)  or  (i  *  0,1, 2, 3,... ,N-1). 
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Substituting  Eq.  (4*8)  in  the  left-hand  side  of  Eq.  (4.7)  yields 


N  j  (i—  i) 

Z  eJV N  X)  -  T 
i-1 


(4.9) 


It  must  be  shown  that  the  sum  (denoted  by  T)  is  zero,  for  ■  i  2w/tf  to  be  a 
solution  of  Eq.  (4.7). 

If  we  set  <p  -  2iri/N,  the  left-hand  side  of  Eq.  (4.9)  is  recognized  as  the 
array  factor  (AF)  of  a  uniform  linear  array,  which  may  be  summed  as  follows: 


N 

AF  *  |  Z  e 
i-1 


sin  (N\p/2) 
sin  \p/2 


N-l 

I  E 

i-0 


«ji*i 


(4. 10) 


so  that 


I T  | 


sin(Nip/2) 
sin  ip/2 


sin(N(^)/2) 

_ N _  m  sin  iri 

sin(2iri/2N)  iri. 

Sln^~N") 


0 


(4.11) 


-(N-l)  <_  *  _<  N-l 
l  *  0. 


Since  |T|  -  0,  ipA  -  (i  (2w/w))  is  a  solution  of  Eq.  (4.7)  for  all  values  of  l. 
We  may  now  solve  for  6^ 

-  2 ird/ X  sin  9t  -  i  .  (4.12) 
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The  orthogonal  Interference  source  angles  are,  thus, 


a  4  “M 

0i  “  8ln  (N  d> 

did 


(*.13) 


The  ratio  i/N  has  been  restricted  to  the  range  -  d/X  to  d/X  so  that  9^  is 
real*  In  the  next  section,  Eq.  (4#  13)  is  used  to  find  the  configuration  of 
eight  orthogonal  interference  sources  for  an  eight-element  linear  array. 

C.  Example;  Eight-Element  Linear  Array 
Consider  an  eight -element  linear  array  of  isotropic  point  sources  with 
one-half  wavelength  interelement  spacing,  as  shown  in  Figure  4.2.  The  angular 
locations  of  eight  orthogonal  sources  are  computed  from  Eq.  (4*13).  Using 

d/X  ■  1/2  and  N  -  8,  then 


-N 


d 

X 


<i  <»x 


(4.14) 


or 


-  3  <  i  <  4  (4.15) 

are  the  possible  values.  (Note:  i  ■  -4  is  excluded  because  it  is  the  same  as 
1  *  +4,  that  is, 
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Substituting  this  result  in  Eq.  (4.13)  yields 

0^  -  sin  i  ■  0,±  1,  t  2,  ±  3,  +  4  •  (4.16) 

To  consume  eight  degrees  of  freedom,  the  interference  position  angles  are 
computed  to  be  (0°,  ±  14.48°,  ±  30°,  ±  48.59°,  +  90°).  The  significance  of 
these  angles  is  clearly  shown  by  the  array  factor  (Eq.  (4.10)  with  N  -  8)) 
given  in  Figure  4.3.  One  source  is  placed  at  each  null  position,  and  one  is 
positioned  at  the  peak  of  the  main  beam.  The  above  interference  configuration 
was  used  as  input  data  to  an  Applebaum-Howells  adaptive  nulling  computer 
program.  The  quiescent  receiving  state  is  assumed  here  to  be  uniform 
coverage,  that  is,  only  a  single  array  element  is  "on".  Since  the  array 
elements  are  isotropic  the  quiescent  directivity  in  tne  source  directions  is 
0  dBl.  The  adapted  results  are  given  in  Table  4.1.  The  eigenvalue  spread  is 
approximately  0  dd.  The  adapted  directivity  in  the  source  directions  is 
approximately  U  dBl ,  hence  no  pattern  nulls  have  been  formed.  This  verifies 
that  the  sources  are  orthogonal  and  that  they  consume  eight  degrees-of- 
f reedom. 

U.  Discussion 

The  worst-case  configuration  of  N  interference  sources,  to  completely 
consume  N  degrees -of -freedom  of  an  N-element  adaptive  nulling  linear  array 
antenna  of  equally-spaced  Isotropic  point  sources,  is  an  arc  with  source 
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TABLE  4.1 


ADAPTED  ANTENNA  RESPONSE  FOR  AN  8- ELEMENT  UNIFORM 
LINEAR  ARRAY  WITH  ONE-HALF  WAVELENGTH  SPACING 


Eigenvalues 


i  \x  (dB) 


1 

2 

3 

4 

5 

6 

7 

8 


22.8 

22.8 

22.8 

22.8 

22.8 

22.8 

22.8 

22.7 


ANTENNA  DIRECTIVITY  Dj  AT  INTERFERENCE  SOURCE  POSITION  (8j  ,  <|>j) 


j 

0j 

(degrees) 

*3 

D. (Quiesent) 

3  dBi 

D1 (Adapted) 
J  dBi 

1 

-48.59 

0.0 

0.0 

0.04 

2 

-30.00 

0.0 

0.0 

0.00 

3 

-14.48 

0.0 

0.0 

-0.02 

4 

0.0 

0.0 

0.0 

-0.O2 

3 

14.48 

0.0 

0.0 

-0.02 

6 

30.00 

0.0 

0.0 

-0.02 

7 

48.59 

0.0 

0.0 

0.00 

8 

90.00 

0.0 

0.0 

0.04 
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spacing  that  Is  equal  to  the  angular  peak-to  null  spacing  of  the  array  factor 
for  uniform  amplitude.  These  Interference  sources  are  referred  to  as 
"orthogonal’*  because  their  locations  are  determined  by  requiring  that  the  off- 
dlagonal  elements  of  the  interference  covariance  matrix  equal  to  zero.  The 
orthogonal  Interference  source  position  angles  are  computed  from  £q.  (4.13). 
Tills  equation  was  used  to  find  eight  orthogonal  interference  sources  for  an 
eight-element  array  linear  array.  No  adaptive  nulling  was  possible  for  this 
arrangement  of  sources. 

In  the  next  section ,  a  figure  of  merit  Is  derived  which  can  be  used  to 
determine  the  worst-case  interference  source  configurations  for  an  adaptive 
nulling  array  antenna  with  arbitrary  element  positions. 


28 


J 

V.  DERIVATION  OR  A  FIGURE  OF  MERIT  TO  DETERMINE  THE  BEST  APPROXIMATION  TO  A 
UNITARY  INTERFERENCE  SIGNAL  MATRIX 

A*  Introduction 

In  Section  III,  it  was  shown  that  the  optimum  configuration  of  N  equal- 
power  interference  sources,  to  consume  N  degrees  of  freedom  of  an  N-channel 
adaptive  nulling  array  antenna,  produces  a  unitary  signal  matrix*  The 
covariance  matrix  of  the  optimum  signal  matrix,  normalized  to  the  incident 
Interference  power,  is  diagonal*  The  diagonal  elements  are  identical,  and 
they  are  proportional  to  the  incident  interference  power*  While  it  is  clear 
that  a  unitary  signal  matrix  is  optimum,  the  optimum  interference  source 
locations  cannot  be  analytically  computed  for  some  arrays*  This  is  shown  by 
examining  the  covariance  matrix  of  the  N  interference  sources  for  an  arbitrary 
array* 

Let  R^  be  the  mnttl  element  of  the  interference  covariance  matrix  without 

quiescent  receiver  noise  (l*e*,  SS*)*  For  interference  sources  to  be 

"orthogonal",  the  elements  of  the  covariance  matrix  must  have  the  following 
[41 

property1  J, 
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where  8in  (xm  cos  +  sin  ♦*)  (5.3) 

m- 1 i 2) • • • » N 

n-1,2, . . .  ,N 

-  ttD/X  sine,  (x  C0B$.  +  y  sin$  )  (5.4) 

i  ,n  in  ri  n  Yi 

If  the  orthogonality  conditions  of  £q.  (5.1)  are  imposed  on  the  mn^*1  terms  of 
Eq.  (5.2;,  together  with  the  Hermitian  symmetry  of  R  (i.e.,  R  *  £*),  then 
there  are  N(N-l)/2  complex  equations  with  2N  unknowns  (0^,((>^),  i«l,2,...,N. 
For  periodic  arrays,  the  N(N-l)/2  complex  equations  usually  reduce  to  2N  real 
equations.  The  2N  unknowns  then  can  be  analytically  determined.  However,  for 
certain  arrays  (random,  thinned,  or  irregular),  there  are  generally  more  than 
2N  real  equations  and  the  system  is  overdetermined.  There  is  no  exact 
solution  then,  because  the  solution  of  a  subset  of  2N  real  equations  will  not 
(in  general)  satisfy  the  remaining  equations. 

From  the  above  result,  it  is  apparent  that  analytical  solutions  for 
orthogonal  Interference  source  locations  for  many  arrays  are  not  readily 
obtainable.  It  is  the  subject  of  this  section  to  derive  a  figure  of  merit 
which  can  be  used  to  select,  by  computer  search,  the  best  approximation  to  a 
unitary  matrix.  (This  is  equivalent  to  finding  the  best  fit  to  the 
orthogonality  conditions  (Eq.  5.1)).  The  figure  of  merit  is  shown  to  be  equal 
to  the  sum  of  the  square  roots  of  the  eigenvalues  computed  from  the 
interference  covariance  matrix.  For  a  given  set  of  int^  Terence  source 
configurations,  the  one  which  consumes  the  most  degrees  of  freedom  maximizes 
the  figure  of  merit.  This  criterion  is  applied  in  Section  V.C  to  the  case  of 
two  sources  in  the  field  of  view  of  an  N-element  array. 
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B.  Derivation  of  a  Figure  of  Merit  to  Maximize  Consumption  of  Degrees  of 


Freedom 

Let  S  be  the  matrix  that  is  generated  by  the  Incident  signals  from  N 
sources,  as  given  by  Eq.  (3.1).  It  is  desired  to  minimize  the  difference 
between  S  and  a  desirable  unitary  matrix  A  .  As  discussed  previously,  a 
unitary  signal  matrix  implies  that  the  interference  sources  are  "orthogonal" » 
that  is,  N  degrees  of  freedom  are  consumed.  If  S  and  A  are  approximately 
equal,  this  represents  a  nearly  orthogonal  configuration  of  interference 
sources.  The  following  minimization  is  the  same  as  that  given  in  Appendix  I 
in  a  report  by  W.  C.  Cummings  on  multiple  beam  forming  networks  It  is 

repeated  here  to  make  the  connection  to  orthogonal  interference  sources  as 
well. 

First,  define  the  difference  between  the  given  signal  matrix  and  the 
optimum  unitary  matrix  as 

D  -  S-A  (3.5) 

m  mm 

(For  convenience,  the  double  underbar  (for  square  matrices)  will  now  be 
dropped.)  As  will  be  shown,  the  square  matrix  A  can  be  computed  from  the 
eigenvector  matrices  of  SS*  and  One  way  to  minimize  D  is  to  minimize  the 

sum  of  the  squares  of  the  magnitudes  of  each  term  in  D.  That  is, 

2  2 

|  | D |  |  -  £  |D..|  -  minimum  (5.6) 

ij 
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Jm 


or 


I  I  S”A|  |  »  minimum 


(5.7; 


By  the  singular  value  decomposition  theorem^  any  matrix,  such  as  S,  can  be 
decomposed  as 


S  «  V  l  T* 


(5.8) 


where 


l  -  diag(a^)  i«l,2,...,N 

°i  *  /Xi  are  the  Positive  square  roots  of  the  eigenvalues  of  SS* 
(and  of  SjS,  equivalently),  and  are  referred  to  as  the 
singular  values  of  S 

V  is  the  unitary  eigenvector  matrix  of  8  S^ 

T  is  the  unitary  eigenvector  matrix  of  S*S. 

Substituting  bq.  (5.8)  in  bq.  (5.7)  yielas 
t  2 

||VE'i’  -A|  |  »  minimum 
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Next,  use  the  unitary  matrix 


property  that 


[7j 


•  lMl  1 2  "  IIVII2  *  II11U2II2  ■  |  Ju1hu2|  j2 

wnere  and  U2  are  unitary  matrices;  and 

M  is  an  NxN  matrix. 

Pre-mult iplying  by  Vf  and  post -multiplying  by  T,  Eq.  (5.10)  becomes 
|  |  VET* -Aj  j 2  -  1 1 V*  VET* f-V*AT{  |  2 
Since  V  and  T  are  unitary,  that  is,  V*V  -  I  ■  T?T, 

V*VETtT  -  1EI  -  E 

Substituting  this  in  Eq.  (5.12)  yields 
||VET*-A|J2«  | | E-V*AT) | 2 
Let 

P  »  V*AT 


•  t 


(5.11) 


(5.12) 


(5.13) 


(5.14) 


(5.15) 


> 

* 
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krv"" ■“  ?*'■ 


so  that  Kq.  (5.14)  Is  written  as 


t  2  2 

| | VET  -A | |  -  | | E-P| |  -  minimum 


(5.16) 


Now  P  Is  unitary  since 


-  T*  A*  VVf  AT  -  T*A*AT  -  x't  -  1 


(5.17) 


Hence 


£  1^4 


(5.1«) 


tnat  Is,  the  sum  of  the  absolute  values  of  the  elements  along  any  column  is 
unity.  Also,  because  P  Is  unitary,  the  diagonal  elements  are  constrained  by 


lPii'  i  1 


(5.19) 


Another  useful  property  of  the  unitary  matrix  is  that 


N  N 

l  £  i*V 

i*l  j”l 


(5.20) 


Since  L  is  diagonal  it  is  logical  that,  to  minimize  ||£-P||  »  the  optimum  P 
should  also  be  diagonal  (this  is  the  only  way  that  the  off-diagonal  elements 
of  (E-P)  can  be  equal  to  zero).  Therefore,  by  Eqns.  (5. ID)  and  (5.19),  P  must 
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be  the  identity  matrix*  It  must  now  be  shown  that  of  all  unitary  matrices 
P-I  is  the  closest  unitary  matrix  to  £. 


Xo  show  this  it  is  required  to  prove  that 


IU-I||2  <  1 1  E-U  |  | 2 


(5.21) 


for  all  unitary  matrices  U*  Performing  the  norm  on  the  left  and  right-hand 
sides  of  the  above  inequality  yields 


|£-I||2-  Z  (Oj~1)2 
1-1 


Z  o.  -  2  Z  a.  +  N 

^  j  _i  1 


i»l 


i-1 


(S.22) 


and 


N  N 


iir-uir  -  zt  t  iutjr  +  i°1-uui 


i-i  j-i 
i*J 


1-1 


or 


2NN  N  N  * 

|£-U||  -  Z  Z  |U  |  +  Zo  ~  E  ) 

1-1  j-1  1-1  1  1-1 


(5.23) 


tfhere  *  denotes  complex  conjugate.  Using  Eq.  (5.20),  Che  double  summation  on 
| Ujj  | ^  Is  equal  to  N,  so  that  Eq.  (5.23)  reduces  to 


2  N  N  * 

1 1 £~U 1 1  -  N  +  Z  a,  -  £  a,(U.  +  II.,  )  .  (5.24) 

1-1  1-1 
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Substituting  Eqns.  (5.22)  and  (5.24)  in  Eq.  (5.21)  gives 
N  ,  N  N  2  N 

E  o.  t  N  -  2  J  «,  <  E  o.  +  N  -  E  a.  (U  +U  )  •  (5.25) 

i-1  1  i-1  1-1  i-1 

Clearly,  if  the  unitary  matrix  U  is  other  than  the  identity  matrix,  then  by 
Eqs.  (5.18)  and  (5.19) 

(Uii  +  Uii}  <  2  (5.26) 

and  the  inequality  of  Eq.  (5.25)  (and  Eq.  (5.21))  is  satisfied.  Therefore, 
P-1  is  the  optimum  matrix  which  minimizes  Eq.  (5.16). 

Using  the  left-hand  side  of  Eq.  (5.25),  Eq.  (5.16)  can  now  be  written  as 

,  N  N 

| | E-P | |  -  E  a,  +  N  -  2  E  o .  -  minimum  .  (5.27) 

i-1  i-1 

2  2 

In  fcq.  (5.27)  the  summation  of  a*  ,  N  and  ||£“P||  are  all  positive,  hence 
||£“P||^  is  minimised  when 

N  N  _ 

if  -  Z  o  -  £  /x7  -  maximum  (5.28) 

i-1  1  i-1  1 

Equation  (5*28)  is  the  desired  figure  of  merit  (denoted  by  F),  that  is,  when 
the  interference  sources  are  located  so  that  the  sum  of  the  square  roots  of 
the  eigenvalues  computed  from  the  covariance  matrix  SS*  is  maximised,  the 
signal  matrix  S  is  the  best  approximation  to  the  unitary  matrix  A.  The 
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optimum  unitary  matrix  A  can  be  found  by  substituting  P“I  in  Kq.  (5.15),  that 
is. 


P  -  V*AT  -  I  (5.29) 

or  VPTf  -  WtATTr  -  VIT*  .  (5.30) 

Since  W*-TT*-I,  then 

A  -  VT*  (5.31) 

is  the  optimum  unitary  matrix  which  minimizes  l|S-A||  .  Note:  for  any  given 
signal  matrix  S,  a  unitary  matrix  A  can  be  computed  by  Eq«  (5*31)* 

Finally 9  denote  Fj  as  the  figure  of  merit  for  the  jta  configuration  of 
Interference  sources,  from  a  given  set  of  J  configurations.  Then  the  optimum 
Interference  source  configuration  (to  consume  the  most  degrees  of  freedom)  is 
chosen  according  to 

F  *  max(F . )  (5,32) 

opt  J 


where 


N  _ 

2  /A 
i-1  1J 
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Equation  (5.32;  is  toe  basis  for  choosing  one  configuration  of  interference 

sources  over  another.  An  example  of  this  is  given  in  the  next  section. 

C.  Example:  Selection  of  Optimum  Configuration  of  Two  Interference 

Sources 

In  this  section  an  example  is  given  which  demonstrates  that  the  figure  of 
merit,  given  by  Eq.  (5.32),  can  be  used  to  determine  the  worst-case* 
configuration  of  two  interference  sources. 

Consider  an  arbitrary  N-element  array  of  Isotropic  point  sources,  with 
equal  power  (P)  incident  from  two  Interference  sources  with  two  sets  of 
spacings.  In  the  first  set,  the  two  sources  are  angularly  separated 
(approximately  one  half -power  beamwidth)  such  that  there  are  two  equal 
eigenvalues  Xj  *  X2  ~  X  associated  with  the  covariance  matrix.  Thus,  two 
degrees  of  freedom  are  consumed ^  It  is  assumed  here  that  X  is  much  larger 

than  the  quiescent  noise  level  (Xq  ■  1).  The  (N-2)  remaining  eigenvalues  are 
equal  to  unity.  From  Eq.  (5.26)  tne  figure  of  merit  is 

N  _  _  _ 

F  -  Z  /x7  “  /X  +  /X  +  (N-2) 

1  i-1  1  Z 


or 


F  -  2/7  +  (N-2) 


(5.33) 


it 

The  words  "optimum  configuration"  and  "worst-case  configuration"  are  used 
somewhat  interchangeably  In  this  report.  A  situation  is  "optimum"  or  "worst- 
case"  depending  on  the  point  of  view. 


t 
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Next,  assume  that  the  two  Interference  sources  are  located  at  the  same  angular 
position.  In  this  case,  there  is  only  one  eigenvalue  and  it  is  3  dtt  larger 
than  the  eigenvalue  for  a  single  Interference  source ^ That  is, 


X1  “  2X’  X2  "  l>  X3  “  l»  •—  XN  “  1 

and  one  degree  of  freedom  is  consulted.  For  this  case,  the  figure  of  merit  is 
computed  to  be 

N 

F  -  I  fT  -  /2  /X  +  (N-l)  .  (5.34) 

1  1-1 

By  Eq.  (5*32),  since  is  greater  than  configuration  #1  has  more  effect 

as  an  interference  source  than  configuration  #2. 

D.  Discussion 

A  figure  of  merit  (Eq.  (3. 2d))  was  derived  which  can  be  used  to  determine 
which  matrix,  of  a  collection  of  interference  signal  matrices,  is  the  best 
approximation  to  a  unitary  matrix.  For  a  given  number  of  Interference  source 
configurations,  the  worst-case  is  chosen  corresponding  to  the  configuration 
which  maximizes  the  sum  of  the  square  roots  of  the  eigenvalues  computed  from 
the  interference  covariance  matrix  (Eq.  (5.32)).  This  is  the  same  as 
maximizing  the  consumption  of  the  antenna  degrees  of  freedom.  The  reason  for 
this  is  that  this  optimum  is  closest  to  being  a  unitary  matrix  and  when  a 
unitary  interference  signal  matrix  is  achieved,  N  degrees  of  freedom  are 
completely  consumed  (there  are  N  identical  eigenvalues). 
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It  is  Important  to  note  that  the  figure  of  merit  is  Independent  of  the 
antenna  quiescent  radiation  pattern*  This  is  because  the  covariance  matrix  is 
formed  prior  to  array  element  weighting  or  beam  formation* 

A  simple  example  was  given  which  demonstrates  the  ability  of  the  figure  of 
merit  to  Identify  a  two-interference  source  configuration  that  maximizes  the 
consumption  of  antenna  degrees  of  freedom*  The  example  was  an  N-element  array 
with  two  equal-power  interference  sources  (first  located  with  one-half 
beamwidth  spacing,  and  then  located  at  the  same  position)*  It  was  shown  that 
the  figure  of  merit  can  be  used  to  choose  the  configuration  that  consumes  two 
degrees  of  freedom*  The  next  section  discusses  a  gradient-search  technique, 
wnlch  implements  the  figure  of  merit  to  find  worst-case  Interference  source 
configurations  for  arbitrary  antenna  arrays* 
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VI.  A  GRADIENT  SEARCH  TECHNIQUE  TO  MAXIMIZE  CONSUMPTION  OF  PHASED  ARRAY 

ANTENNA  DEGREES  OF  FREEDOM 

A.  Introduction 

In  the  previous  sections,  a  mathematical  formulation  was  developed  which 
describes  the  conditions  necessary  for  the  consumption  of  phased  array  antenna 
degrees  of  freedom*  Complete  consumption  of  N  degrees  of  freedom  of  an 
N-element  phased  array  antenna  occurs  when  the  N  eigenvalues  computed  from  the 
interference  covariance  matrix  are  equal  and  large  compared  to  the  quiescent 
receiver  noise  level.  For  N  equal  eigenvalues,  the  covariance  matrix  is 
diagonal  and  the  interference  signal  matrix  is  unitary.  Since  the  columns  of 
the  signal  matrix  are  orthogonal,  the  Interference  sources  are  referred  to  as 
being  "orthogonal  ".  it  was  shown  that  when  N  Interference  sources  are 
geometrically  arranged  such  that  N  large  equal  eigenvalues  are  produced,  the 
antenna  cannot  provide  any  useful  adapted  pattern  nulling. 

For  some  periodic  arrays,  exact  solutions  for  orthogonal  Interference 
sources  can  be  found.  However,  for  some  arrays  such  as  random,  thinned,  or 
Irregular  arrays,  exact  solutions  do  not  appear  to  exist.  In  this  case 
N  degrees  of  freedom  cannot  be  completely  consumed  by  N  interference 
sources.  That  is,  some  antenna  pattern  nulling  is  possible.  Since  a  unitary 
interference  signal  matrix  completely  consumes  N  degrees  of  freedom,  the 
interference  signal  matrix  must  be  the  closest  approximation  to  a  unitary 
matrix  in  order  to  maximize  consumption  of  degrees  of  freedom.  The  closest 
approximation  to  a  unitary  interference  signal  matrix  for  an  arbitrary  array 
can  oe  realized  in  the  following  manner: 
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by 


Prom  Eq.  (3.1),  let  the  received  signal  at  the  array  element  be  given 

, _  jirD/Xsine  (x  cos  * ..+  y^sin  *  ) 

J  J  J  (6#1) 

where  are  standard  spherical  coordinate  angles  for  the  ith 

interference  source  with  power  measured  at  the  antenna;  the  subscript  j 
being  the  jttl  configuration  of  interference  sources.  (Note:  the  imaginary 
exponent  j  -  /-!  should  not  be  confused  with  the  integer  subscript 
j*l,2,...  .).  The  element  positions  (xfe,  y^)  can  be  arbitrarily  chosen. 

The  covariance  matrix  for  narrowband  interference  is  expressed  as  (from 
Eq.  (3.2) 

-j "  Mj  +  -  (6,2> 

To  maximize  consumption  of  antenna  degrees  of  freedom  the  difference 
between  the  signal  matrix  and  its  associated  unitary  matrix  must  be 
minimized.  A  derivation  was  given  in  Section  V  for  a  figure  of  merit  which 
minimizes  this  difference. 

The  figure  of  merit  for  the  j  interference  source  configuration  is  given 
by 

N 

*  -  E  (6.3) 

J  i-1  1J 
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where 


Xtj  is  the  i eigenvalue  computed  from  the  interference  covariance 
matrix  for  the  interference  source  configuration. 

The  optimum  Interference  source  configuration  (from  a  given  set  of  J 
source  configurations)  occurs  when  Fj  is  maximized,  that  is, 

F  ^  *  max(F^)  j-l,2,...,J  •  (6.4) 

Tne  interference  source  configuration  for  which  FQpt  occurs  yields  the  closest 
approximation  of  the  signal  matrix  S  to  a  unitary  matrix. 

In  the  next  section,  a  gradient  search  technique  is  introduced  which 
implements  the  figure  of  merit.  In  Section  VI.C,  the  gradient  search  is 
applied  to  two  basic  planar  arrays. 

&•  Gradient  Search  Technique 

Assume  that  N  Interference  sources  are  distributed  in  the  antenna  field  of 
view  as  shorn  in  Fig.  6.1.  The  ittl  interference  source  from  the  j**1  source 
configuration  has  position  coordinates 
where 


Uij  “  wD/X»in84j cos^j 
Vij  "  irD/XsinSjjSin^j 


(6.5) 


and  (6^j»^^j)  are  standard  spherical  coordinates.  It  is  desired  to  find  the 
configuration  of  N  Interference  sources  such  that  the  figure  of  merit,  given 
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oy  Eq.  (6.3),  is  maximized.  Assuming  an  initial  configuration  of  sources,  the 
sources  are  moved  until  the  optimum  figure  of  merit  is  achieved •  From 
Eqs.  (6.1),  (6.2),  (6.3),  and  (6.5)  observe  that 


■  V'VV-  (VV . ‘VV’ 


(6.6) 


which  means  that  each  eigenvalue  is  a  function  of  the  positions  of  N 

sources.  It  is  desired  to  find  the  collective  search-directions  for  the  N 

sources  such  that  the  figure  of  merit  Increases  most  rapidly.  That  is,  select 

directions  such  that  the  directional  derivative  is  maximized  at  (IL.V,)1  . 

j  j 

The  directional  derivative  (denoted  by  D(  ))  of  the  figure  of  merit  is 
given  by 


N  3*\ 


3F, 


D(V  "  iJ1  ruij  +  3V1J  rvij) 


(6.7) 


where  d  means  partial  derivative, 

ruij*rvij  are  the  (U,V)  directions  for  which  Fj  is  increasing  most 
rapidly. 

The  directions  ruij>rvij  are  constrained  by  (for  convenience) 


N 

I 

i-1 


+  r 


vlj 


1  . 


(6.8) 


It  is  desired  to  maximize  U(Fj)  subject  to  Eq.  (6.8) 
multipliers [91  construct  the  Lagrangian  function 


Using  Lagrange 


Substituting  this  result  in  Gqs.  (6.11a)  and  (6.11b)  gives 


(6.14a) 


(6.14b) 

i'iie  positive  sign  was  chosen  corresponding  to  the  direction  of  maximum 
function  increase.  The  partial  derivatives 

au7  *  8VJ  .  5  n“1*2 . N 

nj  nj 

represent  the  gradient  directions  for  maximum  function  increase. 

Since  Gq.  (6.3)  cannot,  in  general,  be  expressed  in  a  functional  form,  the 
partial  derivatives  must  be  numerically  computed.  Computation  of  the  partial 
derivatives  can  be  avoided,  however,  by  using  the  following  approach: 

Write 


(6.15a) 


(6.15b) 


where  as  shown  In  Fig.  6.2 


AF  4  -  F  (U  +AU  ;V  4)  -  F4(U  -AU  4;V  4)  (6.16a) 

uuj  j  nj  nj’  nj  j  nj  nj  nj 


AF  4  -  F(U  4;  V  4+  AV  J  -  F4(U  4;  V  -  AV  )  (6.16b) 

vn  j  j  v  n  j  n  j  n  j  J  j  v  n  j  n j  n  j 


AUnj  and  AVftj  are  assumed  to  be  small  Increments* 

The  problem  Is  simplified  (and  the  searcn  Is  unbiased)  if  the  Increments 


Jnj  and  AVnj  are  taken  to  be  equal »  that  is, 


Ad  .  -  AV  .  -  AU  -  AV 
nj  nj  n  n 


(6*17) 


Substituting  Eqs.  (6*15)  and  (6*17)  in  Eqs.  (6.14a)  and  (6*14b)  yields 


Jr 

¥  n-1 


AF 

uni 


(CA^/tUF^)2) 


(6.18a) 


vnj  i— g -  - ; - 

\  ^  “^unj^W  > 


(6.18b) 


liquations  (6.18a)  and  (6.18d)  are  used  Co  compute  the  new  positions  of  the 
(j+l)ttl  configuration  according  to 


u  ,4J., x  "  u  4  +  ^  r 
n(J+l)  nj  n  unj 


(6.19a) 
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4F,„  =  F(V„  *  iV„|  -  F(V„  -  4V„| 
»  W„  *  4U„)  -  F(Un  -  4U„) 


Figure  6*2  Figure  of  aerie  increments  for  optima  search  directions 


(6.19b) 


V  -  V  4  +  AV  r  . 
n(j+l)  nj  n  vnj 

In  practice ,  one  Interference  source  remains  fixed  in  position  throughout 
the  search,  for  reference  purposes.  Additionally,  a  random  noise  matrix, 
typically  30  db  below  the  incident  interference  power,  is  added  to  the 
covariance  matrix  to  avoid  testing  for  either  a  minimum  or  saddle  point  of  the 
figure  of  merit 

C.  Application 

A  computer  program  implementing  the  above  gradient  search  technique  is 
used  in  this  section  to  determine  the  worst-case  Interference  source  locations 
for  two  basic  arrays.  (In  general,  the  array  elements  can  have  arbitrary 
positions  given  in  (x,y,z)  rectangular  coordinates.)  Two  arrays  that  are 
useful  in  testing  the  gradient  search  are  shown  in  Fig.  6.3.  Figure  6.3a 
shows  a  seven-element  array  arranged  in  a  regular  hexagonal  (equilateral 
triangular)  grid  for  which  an  exact  solution  exists  for  the  locations  of  seven 
Interference  sources  to  completely  consume  seven  degrees  of  freedom.  These 
positions  can  be  determined  by  using  Cqs.  (6.1)  and  (6.2)  and  enforcing 

H  ■  0  m  *  n  m*l ,2, . • • ,N  n*l,2,«..,N  (6.20) 
mn 

that  is,  the  covariance  matrix  is  constrained  to  be  diagonal.  It  can  be  shown 
analytically  that  the  optimum  configuration  of  Interference  sources  (to  obtain 
a  0  db  eigenvalue  spread)  is  a  regular  hexagon,  rotated  with  respect  to  the 
hexagonal  array.  (This  derivation  will  not  be  given  here.)  Next,  Figure  6.3b 
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shows  a  seven-element  uniform  circular  ring  array  for  which  no  exact  solution 
is  known  to  exist  for  seven  interference  sources  to  completely  consume  seven 
degrees  of  freedom.  That  is,  Kq.  (6*20)  cannot  be  satisfied  exactly.  Since 
the  interference  source  configuration  which  would  maximize  consumption  ot 
degrees  of  freedom  for  this  antenna  is  unknown ,  a  numerical  solution  is 
necessary. 

Both  the  hexagonal  array  and  ring  array  were  chosen  with  an  aperture 
diameter  equal  to  65. 7\.  (These  two  arrays  are,  thus,  highly  thinned.)  The 
array  elements  are  assumed  to  be  Isotropic  for  the  gradient  search.  However, 
for  adapted  antenna  response  computations,  elements  with  a  half-power 
beamwldth  *  13°  pointed  perpendicular  to  the  plane  of  the  array  were  used.  At 
Interference  source  locations  close  to  boresight,  the  element  directivity  is 
approximately  equal  to  20  dBi.  The  quiescent  mode  of  operation  is  assumed  to 
be  uniform  coverage  so  that,  when  there  is  no  Interference,  only  one  array 
element  is  "on".  Note:  the  gradient  search  is  independent  of  the  quiescent 
mode  of  operation  because  the  figure  of  merit  is  Independent  of  array  element 
excitation. 

The  Initial  interference  source  configuration  is  chosen  to  be  located 
essentially  at  a  single  point  within  the  field  of  view.  That  is,  the  starting 
configuration  prior  to  the  gradient  search  consumes  only  one  degree  of 
freedom.  The  seven  sources  appear  as  a  single  source  with  seven  times  the 
power  of  one  of  the  seven  sources.  It  is  implied  here  that  the  starting 
configuration  is  unbiased.  For  convenience,  in  the  two  gradient  searches  that 
follow,  actually  only  one  interference  source  is  fixed  at  boresight 
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(reference)  while  Che  remaining  six  sources  are  uniformly  spaced  on  a  ring 
(centered  at  boresight)  whose  radius  Is  equal  to  0*01  HPBW. 

A  gradient  search  for  the  7-element  hexagonal  array  (Fig.  6.3a)  is  given 
in  Fig.  6.4.  A  typical  source  trajectory  is  shown  with  an  arrow.  First,  the 
source  moves  radially  outward  from  the  reference  source.  After  the  maximum 
radius  is  achieved*,  the  source  rotates  clockwise  to  its  final  position.  (By 
symmetry,  the  source  could  also  have  moved  counter-clockwise) •  The  computed 
eigenvalue  spread  for  the  final  hexagonal  source  configuration  is  0.1  dB.  The 
adapted  antenna  response  for  these  sources  is  sumnarized  in  Table  6.1.  The 
adapted  directivity  in  each  source  direction  is  nearly  20  dBi,  Indicating  that 
no  adaptive  nulls  are  formed.  Thus,  seven  degrees  of  freedom  are  consumed  for 
this  array/source  configuration,  and  there  is  no  Improvement  in  interference 
to  receiver  noise  ratio  after  adaptation. 

Next,  a  gradient  search  for  the  seven  element  uniform  circular  ring  array 
(Fig.  o.3b)  is  shown  in  Fig.  6.3.  A  trajectory  for  one  of  the  sources  shows 
that  the  initial  movement  is  purely  radial.  The  final  source  configuration  is 
U-shaped  and  produces  a  6.4  dB  eigenvalue  spread.  (By  symmetry,  the 
U-conf iguratlon  can  have  other  rotation  angles  but  the  shape  is  constant.) 
The  source  spacing  is  approximately  equal  to  the  peafc-to-null  spacing  of  the 
array  factor.  The  adapted  antenna  response  is  summarized  in  Table  6.2.  Since 
the  eigenvalue  spread  was  greater  than  0  dB,  some  pattern  nulling  is 
possible.  The  improvement  in  interf erence-to-recelver  noise  level  after 

*At  the  maximum  radius,  the  source  spacing  is  approximately  equal  to  the  peait- 
to-null  spacing  of  the  array  factor. 
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TAELE  6.1 


ADAPTED  ANTENNA  RESPONSE  FOR  A  7 -ELEMENT  HEXAGONAL  ARRAY 
(Figure  6*4  source  configuration) 


Eigenvalues 

1  \±  (db) 

1  22.2 

2  22.2 

3  22.2 

4  22.2 

5  22.1 

6  22.1 

7  22.1 


ANTENNA  DIRECTIVITY  AT  INTERFERENCE  SOURCE  POSITION  (Bj,^) 


j 

9i 

D.i  (Quiescent) 

D* (Adapted) 

(degrees ) 

J  dbi 

J  dbi 

1 

0.0 

0.0 

20.00 

19.94 

2 

0*89 

-10.75 

20.00 

20.03 

3 

0.89 

49.03 

20.00 

19.99 

4 

0.89 

108.92 

20.00 

19.94 

5 

0.89 

169.35 

20.00 

19.97 

6 

0.89 

-130.35 

20.00 

19.97 

7 

0.89 

-70.45 

20.00 

19.98 
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TaELE  6.2 

ADAPTED  antenna  response  FOR  A  7 -element  uniform  ring  array 
(Figure  6.5  source  configuration) 


Eigenvalues 
i  Xi  (dtf) 

1  24.3 

2  24.2 

3  24.2 

4  22.0 

5  20.2 

6  19.5 

7  17.9 


ANTENNA  DIRECTIVITY  AT  INTERFERENCE  SOURCE  POSITION  (6j,4>j) 


rue  x 

j 

1 

0j 

0.0 

♦j 

0.0 

Da (Quiescent) 

J  dbi 

20.00 

j  ■  ■  j 

D. (Adapted) 
J  d8i 
19.26 

2 

0.67 

6.33 

20.00 

13.48 

3 

0.75 

67.57 

20.00 

20.68 

4 

1.05 

10S.26 

20.00 

18.92 

5 

1.02 

-160.48 

20.00 

11.03 

6 

0.73 

-118.30 

20.00 

13.12 

7 

0.66 

-56.21 

20.00 

21.07 

nulling  Is,  however,  calculated  to  be  only  1*76  dB.  The  directivity  to 
several  sources  is  somewhat  reduced,  but  no  deep  nulls  are  formed*  Thus, 
while  a  solution  which  results  in  a  unitary  signal  matrix  has  not  been  found, 
a  solution  for  effective  consumption  of  degrees  of  freedom  appears  to  have 
been  reached. 

D.  Discussion 

A  gradient  search  technique  is  given  which  can  be  used  to  determine 
numerically  the  optimum  geometrical  locations  of  N  Interference  sources  to 
maximize  consumption  of  degrees  of  freedom  of  an  N^element  phased  array 
nulling  antenna.  The  figure  of  merit,  used  to  determine  optimum  source 
directions,  is  equal  to  the  sum  of  the  square  roots  of  the  eigenvalues 
computed  from  the  Interference  covariance  matrix. 

Optimum  solutions  were  given  for  two  basic  arrays;  a  seven-element 
hexagonal  array  and  a  seven-element  uniform  circular  ring  array.  For  the 
seven-element  hexagonal  array,  an  exact  solution  was  found  (0  dd  eigenvalue 
spread).  Seven  interference  sources  on  a  rotated  regular  hexagon  (Fig.  6.4) 
were  shown  to  completely  consume  seven  degrees  of  freedom  (Table  6.1).  For 
the  seven-element  uniform  ring  array,  a  6.4  dB  eigenvalue  spread  (Table  6.2) 
was  achieved.  Hence,  an  exact  solution  for  this  array  geometry  does  not 
appear  to  exist.  The  worst-case  Interference  source  configuration  in  this 
case  is  U-shaped  (Fig.  6.5).  For  either  array,  the  interference  source 
spacing  is  fundamentally  related  to  the  peak-to-null  spacing  of  the  array 
factor.  hqulvalentiy,  the  minimum  spacing  between  two  "optimum**  sources  is 
related  to  the  antenna  half-power  beaawldth. 
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7  SOURCES 

x  STARTING  CONFIGURATION 

•  FINAL  CONFIGURATION  EIGENVALUE  SPREAD  =  0.16  dB 


Figure  6.4  Gradient  search  for  a  7 -element  hexagonal  array 


7  SOURCES 

x  STARTING  CONFIGURATION 

•  FINAL  CONFIGURATION  EIGENVALUE  SPREAD  =  6.4  dB 


Figure  6.5  Gradient  searcb  for  a  7-element  uniform  ring  array. 
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VI i.  CONCLUSIONS 


A  theory  is  developed  for  determining  the  locations  of  N-interf erence 
sources  to  maximize  consumption  of  the  degrees  of  freedom  of  an  N-channel 
adaptive  nulling  phased  array  antenna*  The  worst-case  arrangement  of  sources 
is  determined  by  maximizing  a  figure  of  merit  which  is  equal  to  the  sum  of  the 
square  roots  of  the  eigenvalues  computed  from  the  interference  covariance 
matrix*  A  gradient  search  technique  is  used  to  determine  optimum  source 
directions  for  an  initial  arrangement  of  sources  in  the  antenna  field  of 
view*  The  initial  source  configuration  is  arbitrary,  but  for  an  unbiased 
solution,  the  sources  are  initially  constrained  to  be  spaced  much  less  than 
the  nulling  antenna  half-power  beamwldth*  That  is,  Initially  the  sources 
consume  only  one  degree  of  freedom* 

Maximizing  the  figure-of -merit  is  equivalent  to  finding  an  incident -signal 
matrix  which  is  the  best  approximation  to  a  unitary  matrix*  Equivalently,  the 
worst-case  interference  diagonalizes  the  interference  covariance  matrix*  When 
the  covariance  matrix  is  diagonal,  the  sources  may  be  referred  to  as 
"orthogonal" •  in  this  case,  N-degrees  of  freedom  are  consumed,  and  the 
covariance  matrix  has  N  equal  eigenvalues*  When  N-degrees  of  freedom  are 
completely  consumed  by  N  sources,  no  adaptive  nulling  is  possible* 

For  simple  regular-spaced  arrays,  the  concept  of  orthogonal  Interference 
sources  can  be  used  to  find  the  worst -case  Interference  geometry  in  a  closed- 
form  equation.  This  was  done  in  Section  IV  for  an  eight-element  equally- 
spaced  linear  array*  However,  for  more  complicated  array  geometries  (such  as 
random,  thinned,  or  Irregular  arrays),  the  worst-case  source  configuration  is 
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not  mathematically  tractable  in  a  closed  form*  Indeed,  a  set  of  orthogonal 
sources  probably  does  not  exist,  in  general*  A  gradient  search  is  appropriate 
in  these  cases  to  find  the  best  approximation  to  a  set  of  orthogonal  sources* 

In  Section  V,  a  figure  of  merit  was  derived  which  is  used  in  the  gradient 
search  technique  discussed  in  Section  VI*  The  gradient  search  was  applied  to 
two  different  array  geometries;  a  7-element  regular  hexagonal  array  and  a 
7-element  equally-spaced  circular  ring  array*  A  numerical  gradient  search 
found  an  orthogonal  configuration  of  seven  sources,  which  completely  consumed 
seven  degrees  of  freedom  for  the  hexagonal  array.  For  the  circular  ring 
array,  an  orthogonal  set  of  sources  was  not  found;  however,  the  worst -case 
solution  severely  reduced  the  amount  of  antenna  pattern  discrimination.  The 
gradient  search  technique  is  valid  for  arbitrary  array  geometries.  The 
element  positions  can  be  periodic,  spatially  tapered,  thinned,  irregular, 
random,  planar,  or  non-planar. 

Finally,  only  narrow  bandwidth  examples  were  considered  here,  so  one 
Interference  source  could  consume  no  more  than  one  degree  of  freedom*  as  is 
well  known,  broadband  sources  can  contribute  to  more  than  one  eigenvalue,  thus 
complicating  the  simpler  picture  presented  here*  It  is  believed  that  the 
figure  of  merit  presented  will  still  give  worst-case  configurations  In  the 
broadband  case,  if  the  covariance  matrix  is  properly  calculated  using 
Eq.  (2*2) • 
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APPfciUUlX  A 


In  Eq«  (,3*5)  It  was  stated  that  wnen  N  degrees  of  freedom  are  consumed,  by 
N  equal-power  interference  sources,  the  covariance  matrix  of  an  N  element 
array  has  N  identical  eigenvalues  such  that 

X  -X  ....  -A-  (PN+1)  (A.l) 

where 

P  is  the  incident  power  of  each  interference  source  on  each  array 
element* 

This  equation  is  derived  in  tne  following  manner:  Assume  that  tne  N 

interference  sources  are  located  at  (02»+2^»  •••»  *or 

convenience,  express  the  Interference  signal  matrix  (Eq*  3*1)  as 


s  ■  /F  J 

m  a 

where 


(A.2) 


(A.3> 
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where 


-  ttU/X  sin  0^  (xjcos^  +  yjsin^) 
t>±  »  ttD/X  sin  S±  (x2COS<^i  +  y28in<^) 


nA  -  ttU/X  sin  (x^cos^  +  y^8in<^) 
i  *  I*  2f  •••f  N 


(A. A) 


(Note:  in  the  above  notation,  MaM  refers  to  array  element  #1 ,  "dm  reters  to 

array  element  #2,  etc*) 

Substituting  Eq.  (A*2)  in  Eq.  (3*2),  the  covariance  matrix  in  terms  oi  J  is 


R  -  PJJt  +  I 

3  33  m 


(A. 5) 


where 


jo 

-jb 


Jt  - 


(A.6) 


~i°u 

e 


Only  the  diagonal  terms  of  Eq*  (A*5)  are  of  interest  here,  which  are  computed 
as  follows: 
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j(a  -a  )  j(a  -a  ) 

R,  ,  -  P(e  1  1  +  e  + 

^  f  * 


j(b  -b  )  j(b  -b  ) 
R2,2  ”  P(e  +  e  + 


+  e 


J(W 


+  e 


J‘W 


)  +  1  -  PN+1 

)  +  1  ■  PN+1 


j  (a  ,-<»,)  j(n  -n  )  K“n-“n) 

R  *  P(e  +e  +  ...  +  e  "  N  )  +  1  «  PN+1 

a  ,n 


(A.7) 


From  Eq.  (3.4),  the  sum  of  the  diagonal  terms  of  the  covariance  matrix  Is 
equal  to  the  sum  of  its  eigenvalues,  so 


N  N 

E  (PN+1)  -EX  (A.8) 

1-1  1-1  1 


but 


because  It  Is  assumed  that  N  degrees  of  freedom  are  completely  consumed. 
Thus, 


N  N 

(PN+1)  l  i  -  X  El  (A.9) 

1*1  1-1 
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which  yields 


X  »  (PN+1)  (A. 10) 


as  desired*  That  is,  the  eigenvalues  are  proportional  to  the  incident 


interference  power 


REFERENCES 


1.  A.  J.  Fenn,  "Interference  Sources  and  Degrees  ot  Freedom  In  Adaptive 

Nulling  Antennas,  ”  Tecnnical  Report  604,  Lincoln  Laboratory,  H.I.T. 

(12  May  1982).  AD-A1 16583 

2.  W.  F.  Gabriel,  "an  Introduction  to  Adaptive  Arrays",  Proc.  IEEE,  64,  239- 

271  (1976).  — 

3.  J.  'f.  Maynan,  "Some  Tecnniques  for  Lvaluating  tne  bandwidth 

Characteristics  of  Adaptive  Nulling  Systems,"  IEEE  Trans,  on  Antenna  and 
Propag.,  AP-27 ,  373  (1979). 

4.  J.  T.  rtayhan,  A.  J.  Simmons,  and  W.  C.  Cummings,  ~wide-Band  Adaptive 

Antenna  Nulling  Using  Tapped  Delay  Lines,”  IEEE  Trans,  on  Antenna  and 
Propag.,  AP-29,  93o  (1981). 

5.  U.  Strang,  Linear  Algebra  and  Its  Application,  (Academic  Press,  Inc.,  New 
York,  1976)  p.  213. 


6.  W.  C.  Cummings,  "Multiple  Beam  Forming  Networks,"  Technical  Note  1978-9, 

M.I.T.  Lincoln  Laboratory  (18  April  1978).  AD-A056904 

7.  d.  Noble  and  J.  W.  Daniel,  Applied  Linear  Algebra  (Prentice-Hall.  New 

York,  1977).  -  - 

8.  K.  L.  ZahradniK,  Theory  and  Techniques  of  Optimization  for  Practicing 
Engineers  (names  and  Noble,  New  York,  T97T)  pp.  118-124. 

9.  F.  W.  Byron,  Jr.,  and  K.  W.  Fuller,  Mathematics  of  Classical  and  Quantum 

Physics ,  _1_,  (Addison-Wesley  Publishing  Company,  1^69 ) .  3 

10.  D.  A.  Pierre,  Optimization  Theory  with  Applications,  (J.  Wiley  and  Sons. 
New  Yorn,  1969)  pp.  296-299. 

11.  G.  Strang,  op.  cit.,  p.  116-117. 

12.  Ibid;  p.  179. 


i 


65 


ACKNOWLEDGMENTS 


The  author  wishes  to  express  his  gratitude  to  Mr*  William  C*  Cummings, 
Dr*  Alan  J.  Simmons,  and  Dr*  Leon  J*  Kicardl  for  their  encouragement  and 
technical  contributions  to  this  study*  The  computer  programming  of  the 
gradient  seared  by  Mr*  David  S*  Hesse  and  the  typing  of  the  manuscript  by  Mrs. 
Kathleen  R*  Martell  are  also  appreciated* 


_ UNCLASSIFIED _ 

SECURITY  CLASSIFICATION  OF  THIS  FACE  (flu  Of  Sum* 


HESEZsnnnE.  n 


READ  INSTRUCTIONS 


]  j  !  *  * * 1  LirM  i£  .1: 

rrrrr 


ESD-TR-82-089 


4.  imi  (mmd  SubtitU) 


Consumption  of  Degrees  oC  Freedom  in  Adoptive 
Nulling  Array  Antennas 


7.  AUTHOR 
Alan  J.  Fenn 


Technical  Report 


I  EE 


TTCT 


Technical  Report  609 


t  COOTMCT  M  MMTT  NUMCIIfV 

F 19628-80*00002 


Lincoln  Laboratory,  M.I.T. 
P.O.  Box  73 

Lexington,  MA  02173*0073 


ElEHOT.  fHOJtCT.  TASK 


Air  Force  Systems  Command,  USAF 
Andrews  AFB 
Washington,  DC  20331 


I.  MOWTIWB  A80KY  lAME  6  AMMtSS  (ifdiffmrmnt  fnmt  ComtroUimg  Offltv) 


Electronic  Systems  Division 
Hanscom  AFB,  MA  01731 


11  DtSTMMJTMM  STATEHHT  (ofthU  Report) 


Program  Element  Nos.  6343 IF 
and  33601F 
Project  Nos.  2029/6430 


12  October  1982 


II.  SfCUMTY  CUtS.  (oftkU  rmpmH) 
Unclassified 


Approved  for  public  release;  distribution  unlimited. 


11  IMTWnWI  ITATMtlT  (mfthm  abttraet  swssrsdf  la  Block  JO,  if  diffwwmt  frmm  Rmpmrt) 


r  WOW  (Cemtimm  mm  r*t*rm  sils  if  me mmry  mmi  identify  by  Hoc*  mmmber) 


phased  arrays 
antennas 
adaptive  nulling 


eigenvalue* 
interference 
degree*  of  freedom 


covariance  matrix 
gradient  search 


H.A>fTMCT  (C —Itinm*  r+wm  tid*  if  ntrmmmry  jdmxify  by  bUck  mmatbtr) 

A  gradient  search  technique  is  used  to  maiimlae  consumption  of  the  degrees  of  freedom  for  N*channel 
adaptive  nulling  phased  array  antennas.  The  technique  is  based  on  a  figure  of  merit  which  seeks  to  max¬ 
imise  the  sum  of  the  square  root*  of  the  interference  covariance  matrix  eigenvalues.  Equivalently,  the 
worst  case  interference  source  configuration  attempt*  to  completely  consume  N  degree*  of  freedom  of  the 
adaptive  nulling  antenna.  Results  are  given  for  several  bask  regularly  spaced  arrays.  The  technique  can  be 
applied  to  a  phased  array  with  arbitrary  array  element  positions. 


DO  """  1471 

1  JsaTI 


KMTIM0H  MVNJSMOUTt 


_ UNCLASSIFIED 

tcctwmr  CLAMPICAT1QN  OS  TIM  PACK  (Whm  g«a 


